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Manipulating nonclassicality via
quantum state engineering
processes: Vacuum filtration and

single photon addition

In this chapter, the objective is to study nonclassical properties associated with two different
quantum state engineering processes with a specific focus on nonclassicality witnesses and measures.

The work done in this chapter is published in [Malpani et al.| [2020a].

5.1 Introduction

So far, we have discussed nonclassical properties of engineered quantum states in detail.
Here, we wish to extend the discussion and investigate the possibilities of manipulating or con-
trolling the nonclassicality present in the system by using two specific processes of quantum state
engineering. Precisely, by using vacuum filtration and single photon addition processes. To introduce
the idea of these quantum state engineering operations, we can write the photon number distribution

of an arbitrary quantum state in terms of Glauber-Sudarshan P (¢) function as

Pn = /P(a) [(n|at))? d> . (5.1)

If p, vanishes for a particular value of Fock state parameter n, we refer to that as a “hole” or a hole
in the photon number distribution at position n [Escher et al.| [2004]. Notice that p,, = 0 reveals that
P (o) < 0 for some «, which is the signature of nonclassicality. Thus, the existence of a hole in the
photon number distribution implies that the corresponding state is nonclassical, and corresponding
technique of quantum state engineering to create hole is called hole burning |Gerry and Benmoussa
[2002]. Interestingly, this result also implies that qudits which are d-dimensional (finite dimensional)
quantum states are always nonclassical as we can see that in such a state p; = pgy; = ... =0. In
principle, the hole can be created for an arbitrary n, but here for the sake of a comparative study, we
restrict ourselves to the situation where the hole is created at n = 0, i.e., the desired engineered state
has zero probability of getting vacuum state on measurement in Fock basis (in other words, pp = 0).

In fact, Lee |Lee|[[1995] had shown that a state with p, = 0 is a maximally nonclassical as long as the
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nonclassicality is quantitatively measured using nonclassical depth. Such a state can be constructed
in various ways. To elaborate on this, we describe an arbitrary pure quantum state as a superposition
of the Fock states

lv) =Y culn), (5.2)
n=0

where ¢, is the probability amplitude of state |n). A hole can be created at n = 0 by adding a single

photon to obtain

ly1) =Nia|y), (5.3)

where Ny = ((ylaa’|y)) ~!/2 i the normalization constant. If we consider the initial quantum state
|v) as a coherent state, the addition of a single photon would lead to a photon added coherent
state which has been experimentally realized |Zavatta et al.|[2004]] and extensively studied Hong and
Guang-Can|[[1999] because of its interesting nonclassical properties and potential applications. Thus,
in quantum state engineering, techniques for photon addition are known [Thapliyal et al.| [2017b]];
Malpani et al.| [2019alb] and experimentally realized.

An alternative technique to create a hole at vacuum is vacuum filtration. The detailed pro-
cedure of this technique is recently discussed in |Meher and Sivakumar| [2018]. Vacuum filtration
implies removal of the coefficient of the vacuum state, ¢, in Eq. (@ and subsequent normalization.
Clearly this procedure would yield

ly2) =N2 Y cpln), (5.4)
n=1

where the normalization constant N, = (1 — |co|2) 71/2. Both these states (i.e., |y1), and y»)) are
maximally nonclassical as far as Lee’s result related to nonclassical depth is concerned Lee|[[1991]).
However, recently lower-order nonclassical properties of |y;) and |y») in - are reported
to be different for |y) chosen as coherent state Meher and Sivakumar| [2018]. This led to several
interesting questions, like- What happens if the initial state on which addition of photon or vacuum
filtration process is to be applied is already nonclassical (specifically, pure state other than coher-
ent state Hillery| [[1985]])? How do these processes affect the higher-order nonclassical properties of
the quantum states? How does the depth of nonclassicality corresponding to a particular witness of
nonclassicality changes with the parameters of the quantum state for these processes? The present
chapter aims to answer these questions through a comparative study using a set of interesting quan-
tum states |y) (and the corresponding single photon added |y;) and vacuum filtered |y») states),
each of which can be reduced to many more states. Specifically, in what follows, we would study
the lower- and higher-order nonclassical properties of single photon addition and vacuum filtration
of even coherent state (ECS), binomial state (BS) and Kerr state (KS). In fact, the quantum state
engineering processes described mathematically in Eqs. (5.3)-(5.4) can be used to prepare a set of
engineered quantum states, namely vacuum filtered ECS (VFECS), vacuum filtered BS (VFBS), vac-
uum filtered KS (VFKS), photon added ECS (PAECS), photon added BS (PABS) and photon added
(PAKS). We aim to look at the nonclassical properties of these states with a focus on higher-order
nonclassical properties and subsequently quantify the amount of nonclassicality in all these states.
In what follows, the higher-order nonclassical properties are illustrated through the criteria of HOA,

HOS and HOSPS with brief discussion of lower-order antibunching and squeezing.
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5.2 Quantum states of interest

In this chapter, we have selected a set of three widely studied and important quantum states-
(1) ECS, (ii) BS and (iii) KS. We subsequently noted that these states can further be engineered to
generate corresponding vacuum filtered states and single photon added states. For example, one can
generate VFBS and PABS from BS by using vacuum filtration Meher and Sivakumar [2018] and
photon addition Zavatta et al.| [2004] processes, respectively. In a similar manner, these processes
can also generate VFECS and PAECS from ECS, and VFKS and PAKS from KS. In this section,
we briefly describe ECS, BS, KS, VFBS, PABS, VFECS, PAECS, VFKS and PAKS. Specifically,
we describe three parent states as Fock superposition states. Similarly, the six engineered states
are also expressed as Fock superposition states for the convenience of identifying the corresponding
photon number distributions (each of which essentially contains a hole at the vacuum). In the rest
of the study, we wish to compare the impact of these two quantum state engineering processes (i.c.,
vacuum filtration and photon addition processes) on the nonclassical properties of the engineered
states.In the above, we have described six (three) quantum states of our interest as Fock superposition
states having (without) holes at vacuum. In what follows, these expressions will be used to study the
nonclassical properties of these states using a set of witnesses of nonclassicality. Specifically, we will
use a set of witnesses of nonclassicality which are based on moments of annihilation and creation
operators. Keeping this in mind, in the following subsection, we report the general form of such
moments for all the six engineered states of our interest and the corresponding three parent states

(thus overall nine states).

5.2.1 Expressions for moments of annihilation and creation operators

In 1992, Agarwal and Tara |Agarwal and Tara) [[1992] introduced a criterion of nonclassi-
cality in the form of a matrix of moments of creation and annihilation operators. This criterion was
further modified to propose a moment-based criteria of entanglement [Shchukin and Vogel| [2005a]]
and nonclassicality Miranowicz et al.| [2010}, 2009]]. Therefore, it is convenient to find out the ex-
pectation value of the most general term describing higher-order moment (a"/a*) for a given state to

investigate the nonclassicality using the set of moment-based criteria.

(a) Expectation values for even coherent states and the corresponding engineered states
The analytic expression of (@7/a¥); is obtained for the quantum states i € {ECS, VFECS,PAECS}
using Egs. (I.27) and (I.28). For ECS and VFECS, expressions of the moments can be written in a

compact form as

~tj Ak _ exp[f\alz] > an(a*)n—k+j
<aT1a >ECS - 2(1+6Xp[—2‘a|2]> ng() (nfk)! gn’./'7k. (55)
and
o n( px\n—k+j )
, Nirecs L %%,J;k fork < j,
(@Y a*yrpcs = n=1 (5.6)

oo .

2 a*nainrk—_/ ) .

Nyrecs Zl G Ynji fork > j,
n—
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respectively. Similarly, we obtained analytic expression for (@%/a*)pagcs for PAECS as

(@™ kY parcs

o (o) K (n41) (n—k+ j+1
NI%AECS ngo 2] (nJ(rltk))g — )%,j,k. 6.7

Here, 4, jx = (1+(—1)") (1 +(=1)" ) The above mentioned quantities are also functions
of displacement parameter of ECS used to generate the engineered states, which will be used as a

control parameter while discussion of nonclassicality induced due to engineering operations.

(b) Expectation values for binomial state and the corresponding engineered states

Similarly, the compact analytic form of (474" )gs can be written as
At A M M!
(@"aps = Y Mt Gyt (5.8)
n=0
In case of VFBS and PABS, the analytic form of (a"a"); is obtained as

Niggs Z prnrz( ) forr <t,
(@"a"yvrps = 5.9
NVFBS Z o Mpn,—r—t ( ) forr > t,

and

M M!(n+1)(n+1—r-+
(@"a")paps = NI%ABSIEO]I’,M%”W’ (5.10)

pZn—r+t(1_p>2M72ﬂ+V*f 1/2
(M—n)!{(M—n-+r—t)!
ments are also dependent on BS parameters, which will be used to enhance/control the nonclassicality

respectively, with & a1 s = [ . Here, the obtained average values of mo-

features in the generated states.

(c) Expectation values for Kerr state and the corresponding engineered states
For Kerr state, Vacuum filtered kerr state and Photon added kerr state, we use the same

approach to obtain a compact generalized forms of (a"74*);; and our computation yielded

A e N *\—5+
(@a'ys = exp[—|ap] ):O%ﬁnw (5.11)
=

o n n—s+q
N\z,FKS Z %/n s,q2 fors <,

(a7 )yrks = et (5.12)
NVFKS ): 7)(/,1 —5—q’ fors > q,
and
A1q As ") S (1 +q+1
(@aeaxs = Npas T G Fusa: (5.13)

Here, .7, 54 = exp[tx(q—s)(2n+g—s—1)]. From the above expressions, it is clear that when
q = s, there is no role of ) and the behavior of KS is similar to that of a coherent state. So the

effect of this parameter () can be observed only in HOS which also depends on the higher-order

64



moments other than moments of number operator, i.e., (474%); : ¢ # s. In what follows, we use
the expressions of moments given in Egs. (5.6)-(5.13) to study various lower- and higher-order

nonclassicality witnesses.

5.3 Nonclassicality witnesses

There are various criteria of nonclassicality, most of them are sufficient but not necessary
in the sense that satisfaction of such a criterion can identify a nonclassical feature, but failure does
not ensure that the state is classical. Further, most of the criteria (specially, all the criteria studied
here) do not provide any quantitative measure of nonclassicality present in a state, and so they are
referred to as witnesses of nonclassicality. These witnesses are based on either quasiprobability
distribution or moments of annihilation and creation operators. In the present work, we have used a
set of moment-based criteria to investigate nonclassical properties of our desired engineered quantum
states. Specifically, we have investigated the possibilities of observing lower-order squeezing and
antibunching as well as HOA, HOSPS, and HOS for all the states of our interest. To begin the

investigation and the comparison process, let us start with the study of antibunching.

5.3.1 Lower- and higher-order antibunching

The phenomenon of lower-order antibunching is closely associated with the lower-order
sub-Poissonian photon statistics [Brown and Twiss| [1956]. However, they are not equivalent |[Zou
and Mandel| [1990]. The concept of HOA also plays an important role in identifying the presence
of weaker nonclassicality |Allevi et al.| [2012b]]; Hamar et al.|[2014]. It was first introduced in 1990
based on majorization technique|Lee|[[1990] followed by some of its modifications|An|[2002]; Pathak
and Garcia [2006]. In this section, we study the generalized HOA criterion introduced by Pathak and
Garcia [Pathak and Garcial [2006] to investigate lower-order antibunching and HOA. The analytic
expressions of moments (5.6)-(5.13)) can be used to investigate the nonclassicality using inequality
(T.41) for the set of states. The obtained results are illustrated in Figure[5.T|where we have compared
the results between the vacuum filtered and single photon added states. During this attempt, we also
discuss the nonclassicality present in the quantum states used for the preparation of the engineered
quantum states (cf. Figs. [5.1](a)-(c)). In Figs. [5.1](b)-(c), we have shown the result for photon added
and vacuum filtered BS and KS, where it can be observed that the depths of both lower- and higher-
order witnesses in the negative region are larger for photon added BS and KS in comparison with the
vacuum filtered BS and KS, respectively. However, an opposite nature is observed for ECS where the
depth of lower- and higher-order witnesses is more for the vacuum filtration in comparison with the
photon addition if the values of & remain below certain values; whereas for the photon addition the
depth of lower- and higher-order antibunching witnesses is found to be greater than that for vacuum
filtration for the higher values of o (cf. Figure[5.1](a)). However, HOA is not observed for the ECS
and KS and thus both operations can be ascribed as nonclassicality inducing operations as far as this

nonclassical feature is concerned.

5.3.2 Lower- and higher-order squeezing

The concept of squeezing originates from the uncertainty relation. There is a minimum
value of an uncertainty relation involving quadrature operators where the variance of two non-
commuting quadratures (say position and momentum) are equal and their product satisfies minimum

uncertainty relation. Such a situation is closest to the classical scenario, in the sense that there is
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Figure 5.1: Lower- and higher-order antibunching witnesses as functions of displacement param-
eter o (for ECS and KS) and probability p (for BS with parameter M = 10) for (a)
ECS, PAECS and VFECS, (b) BS, PABS and VFBS, and (c) KS, PAKS and VFKS. The
quantities shown in all the plots are dimensionless.

no uncertainty in the classical picture and this is the closest point that one can approach remain-
ing within the framework of quantum mechanics. Coherent state satisfies this minimum uncertainty
relation and is referred to as a classical (or more precisely closest to classical state). If any of the
quadrature variances reduces below the corresponding value for a minimum uncertainty (coherent)
state (at the cost of increase in the fluctuations in the other quadrature) then the corresponding state

is called squeezed state.

The higher-order nonclassical properties can be investigated by studying HOS. There are
two different criteria for HOS Hong and Mandel| [[1985alb]}; [Hillery| [[1987a]: Hong-Mandel crite-
rion Hong and Mandel| [[1985b]] and Hillery criterion |Hillery| [[1987a]]. The concept of the HOS was
first introduced by Hong and Mandel using higher-order moments of the quadrature operators Hong
and Mandel| [1985b]. According to this criterion, it is observed if the higher-order moment for a
quadrature operator for a quantum state is observed to be less than the corresponding coherent state
value. Another type of HOS was introduced by Hillery who introduced amplitude powered quadra-
ture and used variance of this quadrature to define HOS |[Hillery| [1987a]. Here, we aim to analyze
the possibility of HOS using Hong-Mandel criterion for /th order squeezing. We have investigated
the possibility of observing HOS analytically using Egs. (5.6)-(5.13) and inequality for all
engineered quantum states of our interest and have shown the corresponding results in Figs. [5.2]
(a)-(c) where we have compared the HOS in the set of quantum states and the states obtained by
photon addition and vacuum filtration. These operations fail to induce this nonclassical feature in the
engineered states prepared from ECS, which also did not show signatures of squeezing. In Figure
[5.2)(a), we illustrate Hong-Mandel type HOS with respect to parameter p where we have shown the
existence HOS for BS, VFBS and PABS. It can be observed that the state engineering operations fail
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Figure 5.2: Illustration of lower- and higher-order squeezing for (a) BS, PABS and VFBS; (b) KS,
PAKS and VFKS at the fixed value of ¥ = 0.02; (c) KS, VFKS and PAKS as a function
of x with o = 1. The negative regions of the curves illustrate the presence of squeezing.

to increase this particular feature of nonclassicality in BS. Additionally, higher-order nonclassicality
is absent for higher values of p when corresponding lower-order squeezing is present. In case of KS,
PAKS and VFKS, we have observed that HOS is observed when the values of o are greater than
certain values for the individual curves of the corresponding states (cf. Figure @] (b)). Note that
photon addition may provide some advantage in this case, but vacuum filtration would not as for
the same value of displacement parameter KS and PAKS (VFKS) have (has not) shown squeezing.
Interestingly, the presence of squeezing also depends upon the Kerr nonlinearity parameter ), which
is shown in Figure[5.2](c). Similar to Figure[5.2](b) photon addition shows advantage over KS which
disappears for larger values of ¥, while vacuum filtering is not beneficial.

In Figure[5.3] we have shown using the dark (blue) color in the contour plots of the HOS
witness for PAKS that squeezing can be observed for higher values of |¢t| and smaller values of
x. Additionally, the phase parameter 6 of « is also relevant for observing the nonclassicality as
squeezing occurs in the vicinity of 8 = m, while disappears for 6 = " with integer m. Similar
behavior is observed in KS and VFKS (not shown here).

5.3.3 Higher-order sub-Poissonian photon statistics

The higher-order moments in Eqs. (5.6)-(5.13)) are used to calculate the above inequality
with the help of for states obtained after vacuum filtration and photon addition in ECS,
BS and KS as well as the parent states, and the corresponding results are depicted in Figure [5.4]
Nonclassicality is not revealed by HOSPS criteria of even orders in case of ECS, while corresponding
engineered states show nonclassicality. Additionally, nonclassicality is induced by vacuum filtration
for odd orders while it was not observed in the parent state (cf. Figure[5.4] (a)). This clearly shows
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Figure 5.3: The dependence of HOS witness (I = 4) on Kerr parameter )y and displacement param-
eters || and 0 for PAKS with (a) || = 3, (b) x = 0.02, (c) 6 =0.

the role of hole burning operations in inducing nonclassicality for odd orders. However, in case of
even orders, the same operations are also observed to destroy the nonclassicality in the parent state.
From Figs. (b) and (c), it is observed that BS and KS do not show HOSPS for the odd values of
[ even after application of state engineering operations. Additionally, HOSPS is not observed for the
KS for even values of [, too. Consequently, the nonclassical feature witnessed through the HOSPS

criterion in PAKS can be attributed solely to the hole burning process.

Nonclassicality in the engineered quantum states can also be studied using quasidistribution
functions [Thapliyal et al.| [2015]] but here we are going to quantify the amount of nonclassicality in
these states. Further, the effect of decoherence on the observed nonclassicality Banerjee and Ghosh
[2007]; Banerjee et al.| [2010albf]; Naikoo et al.| [2018]] and phase diffusion Banerjee et al.| [2007];
Banerjee and Srikanth|[2007]] can be studied.

5.4 Nonclassicality measure
We have obtained the analytic expressions of linear entropy for ECS, KS, BS and corre-

sponding engineered states which are given as

_ 2 0 n o ne, e B
G e[ "Gy
e 4(1+exp[-2/a])” n,m%zofn’m’rk,zzo 2 (.14)
for VFECS
- n ”C rCr —m
Arees = 1—(Meees)! L fumr ¥ e (5.15)
n,m,r=1 k=0
and for PAECS
D‘ZPAECS = 11— (NPAECS)4 Z fn,m,r (m—|— 1) (}’l —m-+r—+ 1)
n,m,r=0
n+1 n+1Ck] r+lcr+k1—m (516)
X BT
k=0
2n+2r 1\ _1\m 1Y\ _1\ntr—m
where f; ., = o (1+ (= D)") (1+( li!r)!(”( DH(+(=1) )
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Similarly, analytical expression for linear entropy of BS

M n

nc, T . m
Lgs = 1- Y% gpMWz e (5.17)
n,m,r=0
for VFBS
Lens = 1 (Nyrms)® 3 gpMnmrz oy Tk, (5.18)
nm,r=1
and for PABS
L M
ZpaBs = 1—(Npas)" Y gpmamr(m+1)(n—m+r+1)
n,m,r=0 (5 19)
ndl n+lck1 r+lcr+k17m '
X T A
k=0

(MY pR047) (1 — pyAM—2n=2r 12

: 1
are obtained. Here’ 8p.Mpnmir = nlr! {(M—n)!(M—m) (M—r)/(M—n—r+m)!

Finally, analytical expression for linear entropy of KS, VFKS, PAKS can be given as

n "C " m
Ss = 1—exp[-2]aP] T hum,s ): k‘zif"‘ (5.20)
n,m,r=0
Arks = 11— (Nypgs)* Z lhnmr ): Tfrhm7 (5.21)
n,m,r=
and
Draks = 1-— (NPAKS)4 ) Oh,,_’m,r (er 1) (nfm+r+ 1)
n,m,r=
o n+1 n+1Ck1 r+lcr+k1 m (522)
kI:O 2n+r+2 I
_ o exp[21x (m—n) (m—r)] )

respectively, with h, , , = i

In general, significance of hole burning operations can be clearly established through corre-
sponding results shown in Figure[5.5] Specifically, one can clearly see the amount of nonclassciality
(revealed through the amount of entanglement it can generate at a beam splitter) increases due to

these operations.

From Figs. [5.5](a) and (c), it can be observed that vacuum filtered ECS and KS are more
nonclassical than corresponding photon added counterparts. However, in case of BS and its engi-
neered states, it is observed that only up to a certain value of p VFBS is more nonclassical than
PABS (cf. Figure[5.5](a)). In fact, the amount of additional nonclassicality induced due to filtration
decreases with p and eventually becomes zero (i.e., the amount of nonclassicality of VFBS becomes
equal to that of BS as far as linear entropy is considered as a measure of nonclassicality). It is inter-
esting to observe the effect of Kerr coupling parameter ¥ on the amount of nonclassicality induced
due to nonlinearity. It is observed that for small (relatively large) values of )} nonclassicality present
in VFKS (PAKS) is more than that in PAKS (VFKS) (cf. Figure[5.5](d)). This dependence is more
clearly visible in Figure[5.6] where one can observe strong nonclassicality in PAKS and VFKS (KS)
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favor (favors) smaller (higher) values of & and large ¥.

5.5 Conclusion

In summary, this chapter is focused on the comparison of the effects of two processes (vac-
uum state filtration and single photon addition) used in quantum state engineering to burn hole at
vacuum as far as the higher-order nonclassical properties of the quantum states prepared using these
two processes are concerned. Specifically, various quantum state engineering processes for burning
holes at vacuum lead to different Y, ¢,,|m) as far as the values of ¢,,s are concerned (even when the
parent state is the same). To study its significance in nonclassical properties of the engineered states,
we considered a small set of finite and infinite dimensional quantum states (namely, ECS, BS, and
KS). This provided us a set of six engineered quantum states, namely VFECS, PAECS, VFBS, PABS,
VFKS, and PAKS and three parent states for our analysis. This set of engineered quantum states can
have a great importance in quantum information processing and quantum optics as they are found to
be highly nonclassical. Especially when some exciting applications of their parent states are already
investigated with relevance to continuous variable quantum information processing and/or quantum
optics. The present study also addresses the significance of these hole burning processes in inducing

(enhancing) particular nonclassical features in the large set of engineered and parent quantum states.

The general expressions for moments of the set of states are reported in the compact analytic
form, which are used here to investigate nonclassical features of these states using a set of criteria of
higher-order nonclassicality (e.g., criteria of HOA, HOS and HOSPS). The obtained expressions can
be further used to study other moment-based criteria of nonclassicality. The hole burning operations
are found to be extremely relevant as the states studied here are found to be highly nonclassical when
quantified through a measure of nonclassicality (entanglement potential). In brief, both the vacuum
filtration and photon addition operations can be ascribed as antibunching inducing operations in KS
and ECS while antibunching enhancing operations for BS. As far as HOS is concerned no such
advantage of these operations is visible as these operations fail to induce squeezing in ECS and
often decrease the amount of squeezing present in the parent state. Additionally, the operations
are successful in inducing HOSPS in KS and enhances this feature in the rest of the parent states.
The relevance of higher-order nonclassicality in the context of the present study can be understood
from the fact that these hole burning operations show an increase in the depth of HOA witness and
decrease in the amount of HOS with order. While in case of HOSPS even orders show nonclassicality
whereas odd orders fail to detect it. Finally, the measure of nonclassicality reveals vacuum filtration

as a more powerful tool than photon addition for enhancing nonclassicality in the parent state, but
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photon addition is observed to be advantageous in some specific cases.
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