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Basics of Neutrino Oscillations

3.1 Brief history
It all started in 1896, when Becquerel discovered the radioactivity of uranium which led

to Rutherford’s discovery of two of its by-products α and β after three years. γ rays were also
detected latter. Then, in 1914 James Chadwick illustrated the continuous spectrum of β particles
(while a discrete spectra was predicted for a two-body β-decay) in contrast with the discrete spec-
trum of α and γ. This continuous feature was confirmed by Elis and Wooster in 1927. Also the
spin statistics could not be explained by Rutherford model. This observation made many physicists
quite surprised and led them to think that the conservation laws of energy and spin are misconcep-
tions for the real world, these are nothing but statistical concepts1. However, many people could
not digest this ambiguity. Respecting the law of charge conservation, it was suggested that the
missing energy in β-spectrum could be ascribed to a neutral particle. Later, Meitner demonstrated
that the neutral γ rays cannot be implemented to solve this issue and here came the postulate of the
existence of a new particle. W. Pauli, on 4 December 1930, took the courageous step to propose
this new particle in a letter addressed to a conference at Tubingen. To solve this problem, along
with the spin statistics, he suggested that a weakly interacting fermion, he named it neutron, can
be the solution. E. Fermi concluded that this new particle could be massless and hence, after the
discovery of neutron (which was quite heavy to be implemented in β spectrum) by J. Chadwick
in 1932, Fermi renamed the particle postulated by Pauli, the neutrino, which means a tiny neutral
particle2. Later, Fermi also proposed the theory for weak interaction in 1934, specifically for β-
decay, which is now famous as Fermi-theory. This was also known as effective low-energy theory
of the weak interaction involved in beta-decay.

Using the Fermi-theory of beta-decay, H. Bethe and R. Peierls predicted the strength of
the weak interaction. The decay rate for this process was very low and the resulting extremely
small value of cross-section created a disappointment. A big question mark was at the observation
of this neutrino particle which remained unanswered for almost 26 years. However, Pontecorvo
raised a hope in this direction by suggesting the observation of inverse beta-decay process, i.e.,
νe + Cl− → Ar− + e−. Using this idea, F. Reines and C.L. Cowan set up an experiment using
a huge anti-neutrino (ν̄e) flux burst out from a nuclear explosion in a reactor at Savannah River.
This was the first reactor-neutrino experiment. They used another possibility of observing this
anti-neutrino in the interaction ν̄e + p → n + e+. Finally, on 14 June 1956, they sent a telegraph
to Pauli informing him about the discovery of his postulated particle for the very first time. Later,
in 1958, the polarization of a neutrino was also measured by Goldhaber, Grodzins and Sunyar in
an electron capture e− + 152Eu→ 152Sm∗ + νe and the direction of polarization was always found
to be opposite to the direction of its propagation.

Meanwhile, the other lepton, muon (µ) was discovered in 1937, by J.C. Street and E.C.

1This is reflected in a Nuclear Physics text book by G. Gamow, 1931: “...This would mean that the idea of energy and
its conservation fails in dealing with processes involving the emission and capture of nuclear electrons.”

2In Italian, “ino” means small.
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Stevenson [115] and S.H. Neddermeyer and C.D. Anderson [116] which initiated the concept of
generation or family of particles. It was found that µ decays in electron and some other unknown
particle. This emitted electron was also found to have energy distribution in the range 0 - 54 MeV
which indicated that there should exist at least two more particles along with e− because two body
decay does not allow a continuous energy spectrum of e−. First, it was thought that those two
particles are a neutrino and an anti-neutrino but in that condition, they were supposed to annihilate
with each other and produce a γ ray. But this process could never be observed. Therefore, it was
concluded that these two neutrinos are unrelated with each other and the second type of neutrino,
i.e., νµ was introduced. Also a new series of lepton number Le and Lµ came into picture to solve
the problem of muon decay. In 1962, L.M. Lederman, M. Schwartz, J. Steinberger successfully
discovered the second neutrino νµ at Brookhaven National Laboratory (BNL).

After the discovery of third charged lepton τ− by M. Perl in 1975, the third type of neutrino
ντ could also be considered in the picture and latter on discovered by DONUT collaboration in
2000. Finally, we have three types or flavours of neutrinos νe, νµ, ντ associated with three charged
leptons e−, µ−, τ− that matches the upper bound on the number of neutrino species, 2.984 ±
0.008 [117], i.e., approximately 3, obtained form the LEP data.

3.1.1 History of neutrino oscillations
The phenomena of particle oscillation was first introduced by M. Gell-Mann and A. Pais

[118] in 1955 by proposing the oscillation processK0 ⇆ K̄0 to explain the observed CP-violation
in neutral K-meson decay. A deficit was observed in Raymond Davis’s Cl-experiment (later known
as Homestake experiment) in the solar neutrino flux calculated by John Bahcall in his standard
solar model (SSM). This deficit of neutrino flux was known as solar neutrino problem where the
observed neutrino flux was about 1/3 of the expected flux. Bruno Pontecorvo, in the late 1950s,
proposed the phenomena of neutrino-antineutrino oscillation in analogy with the K0 ⇆ K̄0 to
explain this deficiency. This analogy was in favor of the inaccurate announcement of successful
observation of ν̄ + 37Cl → 37Ar + e− in Davis’s Cl-experiment. However, it was denied after the
experimental verification on the fixed helicity (within the ultrarelativistic limit) of neutrinos (left-
handed) and antineutrinos (right-handed). At that instant, since νµ had been discovered already,
Z. Maki, M. Nakagawa and S. Sakata in 1962 could think of νe and νµ to be the mixed states of
two mass eigenstates [119]. This was led by Pontecorvo’s intuitive theory of two-neutrino mixing
and oscillations [120] in 1967. According to this oscillation theory, neutrinos are massive and
the neutrino produced in any flavour is not a mass eigenstate but a superposition of two or more
mass eigenstates. During its propagation up to a distant place it can oscillate partly into some
other flavour. Since Cl-experiment was incapable to detect νµ interaction, it seemed as some of the
solar neutrinos νe had disappeared. Further, the solar neutrino deficit could be explained by taking
into account the matter effect and the so called MSW-resonance within the two-flavour oscillation
scenario. The matter effect in neutrino oscillation is discussed in detail in section 3.2.2. A similar
kind of deficiency was also observed in atmospheric neutrino flux which could be interpreted via
νµ-ντ oscillation theory. This was the point when three flavour neutrino-oscillation scheme was
imported.

3.2 Neutrino oscillation phenomena
After the discovery of muon neutrino it became understandable that the quantum mechan-

ical phenomenon of oscillations may occur between different neutrino flavours if neutrinos are
massive and mixed. Neutrino oscillations are generated by the interference of different massive
neutrinos that are produced and detected coherently because of their small mass differences.
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In the quantum mechanical theory, a two level system is characterized by two eigenstates
along with the associated eigenvalues of the Hamiltonian. A particle sitting in one of these eigen-
states cannot make a transition to the other state in the absence of coupling between these two
states. To establish the coupling an external stimulus (usually an electric of magnetic field in the
atomic physics) is required. For example an e−, resting on the ground state of a two level system
can approach the higher level in the presence of a coherent beam of photons where the absorption
and re-emission of photons will happen in a cyclic pattern by stimulated emission. This phenom-
ena is also known as Rabi oscillations. However, the phenomena of neutrino oscillation is different
from this usual two-level system in the sense that there is no any such external stimulus to drive the
oscillations between neutrino mass eigenstates. Nature itself has established a coupling between
these two states. One can notice here that such transitions should be forbidden by the energy
conservation law. However, if the energy difference between two states is much shorter than the
uncertainties in E1 and E2 (∆E1, ∆E2) i.e., if (E2 − E1) ≪ ∆E1, ∆E2, then the spontaneous
transition between such states is allowed, leading to the oscillations between them.

3.2.1 Neutrino oscillations in vacuum
When neutrinos are produced in some interaction, they are in the form of one of the three

flavours νe, νµ, ντ . Also they can be detected by observing their interaction with matter which
will again cause them to be in certain flavour. Since neutrinos can participate in weak interactions
only, hence, these flavour states are also called weak eigenstates or interaction eigenstates. One
the other hand, they propagate over a distance in the form of mass eigenstates ν1, ν2, ν3 and hence
these are also termed as propagation eigenstates.

To show mixing, it is necessary for neutrinos to have some mass. A massless particle will
travel with the speed of light and, in terms of relativity, it will never experience time. Similar
is the case with neutrinos. If neutrinos are massless then the flavour states are themselves the
mass or energy eigenstates, i.e., the eigenstates of the Hamiltonian. Eigenstates of Hamiltonian
are stationary in nature implying no oscillation within each other. Hence, to explain the mixing
phenomena it is necessary for neutrino flavour states to be not exactly equal to the propagation
states and to be there superposition.

In this section, a brief description of the neutrino oscillation in vacuum is given. To this
aim, consider an arbitrary neutrino state |Ψ(t)⟩ at time t, which can be represented either in the
flavour basis {|νe⟩ , |νµ⟩ , |ντ ⟩} or in the mass-basis {|ν1⟩ , |ν2⟩ , |ν3⟩} as:

|Ψ(t)⟩ =
∑

α=e,µ,τ

να(t) |να⟩ =
∑

i=1,2,3

νi(t) |νi⟩ . (3.1)

The coefficients in the two representations are connected by a unitary matrix

να(t) =
∑

i=1,2,3

Uαiνi(t). (3.2)

A convenient parametrization for U in terms of mixing angles θij and CP violating phase δ, also
known as PMNS matrix, is given in Eq. (3.3).

U(θ12, θ13, θ23, δ) =

 c12c13 s12c13 s23e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s13s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

 , (3.3)

where cij = cos θij , sij = sin θij .
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The time evolution of massive states is given by νi(t) = e−iEit νi(0), which, along-with
Eq. (3.2), gives

να(t) = Uf να(0). (3.4)

Here, Uf is the flavour evolution matrix, taking a flavour state from time t = 0 to some later time
t. In matrix formνe(t)νµ(t)

ντ (t)

 =

a(t) d(t) g(t)
b(t) e(t) h(t)
c(t) f(t) k(t)

νe(0)νµ(0)
ντ (0)

 . (3.5)

If the state at time t = 0 is |νe⟩, then να(0) = δαe (α = e, µ, τ ). Therefore after time t,
we have νe(t) = a(t), νµ(t) = b(t) and ντ (t) = c(t). Hence, the wave function can be written as

|Ψe(t)⟩ = a(t) |νe⟩+ b(t) |νµ⟩+ c(t) |ντ ⟩ . (3.6)

The survival probability is then given by |⟨νe|Ψe(t)⟩|2 = |a(t)|2. Similarly, |b(t)|2 and |c(t)|2 are
the transition probabilities to µ and τ flavour, respectively. The survival and transition probabilities
are functions of energy difference ∆Eij = Ei − Ej (j, k = 1, 2, 3). Also, in the ultra-relativistic
limit, following standard approximations are adopted:

∆Eij ≊
∆m2

ij

2E
; E ≡ |P⃗ |; t ≡ L. (3.7)

These approximations are quite reasonable in the context of the experiments considered here
(mainly reactor and accelerator experiments), since the neutrinos are ultra relativistic with neutrino-
masses of the order of a few electron-volts (eV) and the energy higher than 106 eV. A general form
of probability Pα→β can be expressed as (in the units ℏ = 1 , c = 1)

Pα→β = δαβ − 4
∑
i>j

Re
(
U∗
αiUβiUαjU

∗
βj

)
sin2

(
∆m2

ijL

4E

)

+ 2
∑
i>j

Im
(
U∗
αiUβiUαjU

∗
βj

)
sin

(
∆m2

ijL

2E

)
,

. (3.8)

3.2.2 Matter effect on neutrino oscillations
In 1978, L. Wolfenstein [121] pointed out that during the neutrino-propagation through a

material medium neutrinos have to face a potential induced due to neutrino-matter interaction and
the neutrino gets scattered. It was considered that it exhibits coherent forward (elastic) scattering,
i.e., the particles participating in the scattering process retain their identities. This can change
the pattern of neutrino oscillations. The only interaction that neutrinos can experience is weak
interaction mediated byW± (charged current (CC) interaction) and Z boson (neutral current (NC)
interaction). We can have a look over the neutrino interaction channels below which show elastic
scattering, such as

νe + p(n) → νe + p(n), (3.9)

νµ(τ) + p(n) → νµ(τ) + p(n), (3.10)

νe + e− → νe + e−. (3.11)

The above Eqs. (3.9) and (3.10) show (NC) interactions while Eq. (3.11) represents both the NC
and CC interactions. The CC interaction of νµ or ντ do not maintain the identity of the participant
particles and hence, are not considered here. It can be given as

νµ(τ) + e− → µ(τ) + νe. (3.12)

22



3.2 Neutrino oscillation phenomena

From Eqs. (3.9), (3.10) and (3.11) it is clear that the amplitudes corresponding to NC interactions
of each neutrino-flavour with matter are identical. As a consequence, just a common phase factor is
produced due to NC interactions during the calculation of oscillation or survival amplitudes which
gets disappeared from the probability expressions. Hence, the amplitude due to charged current
interaction of νe is the only one which is responsible to change the oscillation patterns. Since,
only νe − νe term is affected due to CC interaction, a potential A induced due to interaction of
νe with matter through the CC channel given in Eq. (3.11) should be added to the first term of
the Hamiltonian in flavour basis. This potential A can be calculated using Feynman rules and it
turns out be

√
2GFNe, with GF and Ne as Fermi coupling constant and electron number density,

respectively. Analysis of matter effect in two-flavour scenario (in which one flavour is surely
νe) is a bit easier than the case of three-flavour oscillations. In two-flavour mixing, the survival
and oscillation probabilities are equivalent to those obtained for vacuum oscillation with vacuum
mixing angle θ and mass squared difference ∆ replaced by effective mixing angle θeff and mass
squared difference ∆eff in matter, such as

Pee(L) = Pµµ(L) = 1− sin2 2θ sin2
∆effL

4E
(3.13)

and

Peµ(L) = Pµe(L) = sin2 2θ sin2
∆effL

4E
(3.14)

with

∆eff =

√
(∆ cos 2θ − 2EA)2 +∆2 sin2 2θ

and

tan 2θeff =
tan 2θ

1− 2EA
∆cos 2θ

.

The effects of earth’s matter density on neutrino oscillations has been studied using various
models for matter densities [122–126]. To incorporate the matter effect in the case of three-flavour
oscillation, a convenient formalism developed by [127, 128] has been used. In vacuum, the Hamil-
tonian Hm is given by Hm = diag(E1, E2, E3), where Ea =

√
m2
a + p2, a = 1, 2, 3 are the

energies of the neutrino mass eigenstates |νa⟩, with masses ma and momentum p. As discussed
earlier, when neutrinos propagate through ordinary matter, the Hamiltonian picks up an additional
term as a consequence of the CC weak interaction with the electrons in the matter. This additional
potential term is diagonal in the flavour basis and is given by

Vf =

A 0 0
0 0 0
0 0 0

 (3.15)

The sign of the matter density potential (A) is positive for neutrinos and negative for antineutrinos.
It is assumed that the electron density Ne is constant throughout the matter in which the neutrinos
are propagating. In the mass basis, the additional potential term becomes Vm = U−1VfU , whereU
is given in Eq. (3.3). Thus the Hamiltonian in mass basis is given by Hm = Hm+U−1VfU . After
some algebra, one finally obtains the matter counterpart of the flavour evolution matrix defined in
Eq. (3.4):

Uf (L) = e−iHfL = ϕ

3∑
n=1

e−iλnL
1

3λ2n + c1

[
(λ2n + c1)I+ λnT̃+ T̃2

]
. (3.16)
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Here ϕ ≡ eiLtrHm/3, λn (n = 1, 2, 3) are the eigenvalues of T matrix defined further in Eq. (3.17),
T̃ = UTU−1 and c1 = detT× TrT−1.

T =

AU2
e1 − 1

3A+ 1
3(E12 + E13) AUe1Ue2 AUe1Ue3

AUe1Ue2 AU2
e2 − 1

3A+ 1
3(E21 + E23) AUe2Ue3

AUe1Ue3 AUe2Ue3 AU2
e3 − 1

3A+ 1
3(E31 + E32)

 .

(3.17)

For a multilayer model potential with density parametersA1, A2, A3 . . . Am, and lengthsL1, L2, L3 . . . Lm,
the net flavour evolution operator will be the product of the operators corresponding to each den-
sity, that is, Uf |Net = Uf (L1).Uf (L2).Uf (L3) . . . Uf (Lm).

3.3 Effects of quantum decoherence on neutrino-oscillations
The neutrino oscillation phenomenon is a conventional method to explain the deficit of

neutrino flux coming from several natural and artificial sources. However, there also exit some
non-oscillation phenomena (such as quantum decoherence, neutrino decay, flavor changing neutral
current interactions with matter and so on) which could be considered as possible solutions of
this issue. After several experimental verifications it turned out that the mass-induced neutrino
oscillations have a dominating contribution in explaining the neutrino flux deficiency when it is
traveled to a distant place. It can be called the conventional method while the other non-oscillatory
solutions, which were excluded by ≈ 4σ significance level turned out to be non conventional
solutions and are expected to add sub-leading effects on the standard neutrino oscillation patterns.
As we are in precision era of measurements, currently running as well as planned experiments
have potential to measure such effects in the neutrino oscillations. In this thesis, we include the
effects of one such non oscillation method, quantum decoherence on various measures of quantum
correlations in chapter 5.

In this section we discuss in detail the effects of quantum decoherence on neutrino oscilla-
tions. In the standard quantum mechanical framework, a system is considered fully isolated which
represents an ideal case. Indeed these systems should be treated more likely as open systems, i.e.,
the system should be considered to have interactions with its surroundings. We have a large variety
of open systems which can be modeled as being subsystems in interaction with large environment.
In this case, the total system (the subsystem plus environment) follows the unitary time evolution.
However, the evolution of the system alone (obtained by eliminating the degrees of freedom in-
troduced by the environment) will no longer remain unitary due to the development of dissipation
and irreversibility [129, 130].

When there are no initial correlations between subsystem and environment and the mutual
interaction shared can be considered weak, then the dynamics of subsystem can be described by
quantum dynamical semigroups. These semigroups are linear time evolution maps ft : ρ(0) →
ρ(t), ρ represents the state of the system. To be physically acceptable, these maps should follow
some general physical requirements which are essential for the correct physical interpretation of
the subdynamics. First of all, the system-state, say neutrino states, should transform into neutrino
states under the action of these maps, i.e., ft[ρ(0)] = ρ(t). Further, physical requirements of (i)
increasing entropy S = −Tr[ρ ln ρ] (i.e., irreversibility), (ii) semigroup property of forward in-
time composition law i.e., ft[ρ(t′)] = ρ(t + t′), for t, t′ ≥ 0 and (iii) complete positivity should
be satisfied. The density matrix defining the state of the system should be a positive operator, i.e.,
its eigenvalues, representing probabilities, should be positive to make the formalism consistent.
The condition of complete positivity assures that this positivity condition is maintained even for
the density matrix describing a larger system in which the system is trivially coupled with another
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arbitrary finite-dimensional system. Hence, complete positivity sets down a stronger condition to
develop a compatible formalism.

Such description of open quantum systems has been originally developed for quantum
optical systems . Nevertheless, this description is quite general and can be considered to model
several kinds of phenomena. This phenomenological treatment of open quantum systems can be
supported by physical considerations such as it has been implemented to analyze the effects of
dissipation and irreversibility in a number of particle physics phenomena [131–137]. The original
motivation for the investigation of such dissipation effects was based on quantum gravity effects
which are caused due to foamlike spacetime originated by quantum fluctuations of gravitational
field and appearance of virtual black holes [138, 139]. In such situations, the spaetime looses its
continuum aspect at distances of the order of Planck’s scale (1019 GeV or 10−35 m) leading to
a loss of quantum coherence [140]. Therefore, in general, these effects are seen to emerge natu-
rally for the systems in weak interactions with suitable environments. In case of particle physics
systems, one of the adequate examples of these so called environments could be the dynamics
of fundamental extended objects (stings and branes) generating a weakly coupled environment at
low energies [141]. In fact, the time evolution expressed in terms of quantum dynamical semi-
groups can be the result of interaction with the gas like environment of quanta obeying infinite
statistics (e.g., gas of D0 branes) [142]. These effects are expected to be suppressed by at least
one inverse power of Planck mass according to a rough dimensional estimate and hence are very
small. However, in some particular situations based on the interference phenomena, these effects
can be possibly experienced in some present and future experiments. Indeed, there are a number of
experiments looking for the interference effects exhibited by neutral K [131, 132] and B-meson
systems [135, 137] as well as neutron interferometry [136] for which the analysis have been per-
formed using quantum dynamical semigroups. In these studies, order of magnitude limits on some
dissipation parameters have been obtained using experimental data [133, 136, 143]. Moreover,
neutrino oscillation, being a pure quantum interference phenomenon over macroscopic distances
also provides a good stage to probe quantum decoherence effects.

In case of neutrino system, more specifically, the total Hamiltonian can be decomposed
as:

Htot = HS ⊗ 1+ 1⊗HE + gH ′, (3.18)

where HS represents the standard Hamiltonian exhibiting the unitary evolution of neutrino state,
HE describes the internal dynamics of the environment and H ′ characterizes the interaction of
the system with environment with small coupling constant g. Since, the mechanism of neutrino
production has no resemblance with that causing dissipation effects, the condition of the absence
of any initial correlation between the system and environment can be safely assumed to be true in
case of neutrinos. Hence the initial state of the total system can be articulated as ρtot = ρ ⊗ ρE .
The evolution of the neutrino state obtained by eliminating (or tracing over) the environmental
degrees of freedom, is given by

ρ→ ρ(t) = TrE

[
e−iHtott(ρ⊗ ρE)e

iHtott

]
, (3.19)

which is generally very complicated with lack of explicit description. However, it is possible to
describe such evolution in terms of the Linblad-Kossakowski master equation when the system has
weak interaction with the environment. The form of this master equation is given in Eq. (3.20).
Furthermore, there are two essential ways of implementing the condition of weak interaction in
terms of making the ratio τ/τE large [130, 144, 145], where τ is the evolution-time taken by ρ(t)
and τE stands for the typical decay time of correlations in the environment. The large τ/τE ratio
implies that the memory effects encoded in Eq. (3.19) can be neglected and it validates the local
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in time evolution of the state. There are two ways of achieving large value of this ratio in terms of
applying certain limiting conditions: (i) “singular coupling limit”, when τE becomes small, while
τ being finite (ı.e., the time-correlations of the environment approach a δ-function.), and (ii) “weak
coupling limit”, when τE remains finite and τ becomes large. The later condition is realized by
rescaling the time parameter as t → t/g2 with the coupling constant g → 0. This is called van
Hove limit.

Most of the neutrino experimental data could be described very nicely with the phenom-
ena of neutrino oscillations. However, the observations in some short baseline experiments such
as LSND (Liquid Scintillator Neutrino Detector) and MiniBooNE (Mini Booster Neutrino Exper-
iment) require some other explanation along with the neutrino-oscillation solution. The LSND
result gives an indication of the sterile neutrino oscillations which however, has difficulties in
explaning the global data [146] along with the cosmological observations [147]. To explain the
experimental data coming from these two experiments along with the global data analysis many
ideas and scenarios have been proposed, some of them involving very exotic physics such as sterile
neutrino decay [148–150], violation of the CPT [151–154] and/or Lorentz [155, 156] symmetries,
mass-varying neutrinos [157, 158], short-cuts of sterile neutrinos in extra dimensions [159], a non-
standard energy dependence of the sterile neutrino parameters [160], or sterile neutrinos interacting
with a new gauge boson [161]. A possible source of the origin of the LSND signal might be quan-
tum decoherence in neutrino oscillations [162, 163]. Furthermore, the possibility of neutrinos to
probe decoherence effects has been investigated for atmospheric neutrinos [164], solar neutrinos
[165], KamLAND [166] and long-baseline experiments [167, 168].

Possible sources of decoherence effect have been discussed before in previous paragraphs.
A phenomenological approach in terms of quantum dynamical semigroups, without taking care of
the possible source, can also be used to analyze the neutrino oscillation scenario under the effect
of quantum decoherence [169]. A sophisticated model was proposed in [73, 74] whose aim was
to explain the LSND signal via quantum-decoherence of the mass states leading to the damping of
the interference terms in the oscillation probabilities. In case of neutrino-system, the neutrino state
can be described by the density matrix ρ in the mass state basis, which is a Hermitian and positive
operator, i.e., with constant trace (Tr(ρ) = 1) and positive eigenvalues. The evolution of the density
matrix under the effect of quantum decoherence is given as

dρ

dt
= −i[H, ρ]−D[ρ]. (3.20)

Here H is the Hamiltonian (driving the unitary evolution of the state) while D[ρ] is the dissipator
parameterizing the decoherence effect. This term violates the conservation of Tr(ρ2), consequently
the pure state evolves into a mixed state. Physical requirements carried by the quantum dynamical
semigroup formalism (discussed before) construct the form of D[ρ]. The requirement of complete
positivity leads to the Lindblad form for D[ρ] such as,

D[ρ] =
∑
m

[{ρ,DmD
†
m} − 2DmρD

†
m], (3.21)

Dm being general complex matrices. These general complex matrices can allow the violation of
unitarity, i.e., dTr(ρ)/dt can be nonzero. Hence, to take care of the unitarity condition Dm are
required to be Hermitian. This Hermiticity, along with the unitarity condition, also guarantees that
the entropy S(ρ) = −Tr(ρ ln ρ) cannot decrease. The conservation of average energy leads to
[H,Dm] = 0. This allows us to diagonalize these two matrices H and Dm simultaneously, i.e.,

H = diag(E1, E2, E3), Dm = diag(dm,1, dm,2, dm,3)

with Ei = (p2 + m2
i )

1/2 and dm,i are unknown energy dependent real parameters having the
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dimensions of (mass)1/2. Under these conditions Eq. (3.20) obtains the following form

ρ̇(t) = −i(Hρ(t)− ρ(t)H)−
∑
m

[(ρ(t)D2
m +D2

mρ(t))− 2Dmρ(t)Dm]

Decoherence effects when taken into account lead to the following form of the density
matrix describing a neutrino state in mass basis [73]

ρ(t) =


ρ11(0) ρ12(0)e

−(γ12−i∆12)t ρ13(0)e
−(γ13−i∆13)t

ρ21(0)e
−(γ21−i∆21)t ρ22(0) ρ23(0)e

−(γ23−i∆23)t

ρ31(0)e
−(γ31−i∆31)t ρ32(0)e

−(γ32−i∆32)t ρ33(0)

 . (3.22)

Here γij =
∑

m(dm,i − dm,j)
2 are the decoherence parameters and ∆ij = Ei − Ej ≈ ∆m2

ij

2Eν
,

with ∆m2
ij and Eν being the mass square difference and the energy of the neutrino, respectively.

Elements of the density matrix at time t = 0 are given by ρij(0) = U∗
αiUαj , such that Uαi are the

elements of the PMNS matrix. One can write the flavour transition probability given by

Pαβ = ⟨νβ|ρα(t)|νβ⟩ =
∑
ij

U∗
βiUβjρ

α
ij(t).

The most economic scenario that describes the LSND data and also consistent with the results of
other experiments, leads to the consideration of d1 = d2 ̸= d3 which is also inspired by the pattern
(m1 ≊ m2 ̸= m3) of masses associated to the neutrino mass eigenstates. This leads to

γ12 = 0 and γ ≡ γ13 = γ32. (3.23)

In [74] an exponential dependence of the decoherence parameters on neutrino energy was conjec-
tured to be

γ = γ0

(
exp

[
−
(
E

E3

)n]
− exp

[
−
(
E

E1

)n])2

. (3.24)

Best fit values of E3 and E1 are 55 MeV and 20 MeV, respectively with n = 2 and γ = 0.01 m−1.
It turns out that γ attains its maximum value at around 30 MeV; consequently, one expects max-
imum decoherence at this energy. The exponential energy dependence of the γ parameter given
in Eq. (3.24) along with the best fit values of corresponding parameters restricts deviations from
the standard three flavour oscillations only in the range of 20-50 MeV (the energy range corre-
sponding to the LSND experiment) leaving the other experimental observations unchanged with
energy-range higher then 200 MeV or lower than few MeV. It makes this model consistent with
the global neutrino oscillation data.

3.4 Effects of nonstandard neutrino-matter interactions (NSI) on neu-
trino oscillations

The present understanding of fundamental interactions of nature is encapsulated in a the-
ory known as the Standard Model (SM) of the strong and electroweak interactions. The SM suc-
cessfully survived stringent tests of their efficacy in several high precision experiments. Although
SM successfully accounts for the phenomena within its domain, still it cannot be considered as the
quintessential theory of fundamental interactions. This is because there are several phenomenon
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which SM simply cannot explain. These include the observed baryon asymmetry, gravitational in-
teractions and the origin and nature of dark matter and dark energy. Therefore one needs to explore
physics beyond SM.

The phenomena of neutrino oscillation implies physics beyond the SM as the neutrinos
are assumed to be massless within the SM whereas the observation of neutrino oscillations implies
that neutrinos have a non-zero mass. Few measurements in the muon sector, for instance, the
anomalous magnetic moment [170, 171] and the charge radius of the proton extracted from muonic
hydrogen [172] are indications of beyond SM physics. Besides this, in contrast with the SM, we
have hints of lepton flavor universality violation in the decays induced by the quark level transitions
b→ clν (l = e, µ, τ ) [46–48] and b→ s l+l− (l = e, µ) [49, 50]. There have been several model-
independent investigations in search for identifying the Lorentz structure for the possible new
physics involved in these decay modes [173–186]. These Lorentz structures can be generated in
new physics models, such asZ ′ and leptoquark models that can account for the observed anomalies
in semi-leptonic B decays. These new physics models can also affect the dynamics of neutrino
oscillations significantly.

New physics effects in the neutrino sector can be realized through nonstandard neutrino-
matter interaction (NSI). One can think of the existence of new physics at some higher energy
level Λ the effects of what can be observed at lower energy scales in terms of sub-leading effects
encountered by present experimental results. Such effects can be described by adding higher di-
mensional operators constructed out of SM fields to the SM Lagrangian (which has renormalizable
interactions with canonical dimension ≤ 4). These NSIs can be classified as charged current (CC)
as well as neutral current (NC) interactions. The charged-current NSI of neutrinos with matter
(i.e., e,u,d) can affect the production and detection of neutrinos in general, called zero distance
effect and can become discernible in near detectors. On the other hand, the NSI-NC with two neu-
trinos can also affect the forward coherent scattering as the neutrino propagate through matter via
so called Mikheev-Smirnov-Wolfenstein (MSW) mechanism [121, 187]. The effect of incoherent
scattering is neglected in case of Earth matter density ρ ∼ 2.8gm/cc, as the mean free path for
the process is much larger than Earth’s diameter when the neutrino energy is lower than ∼ 105

GeV [188]. Consequently, a significantly enhanced effect of NSI-NC can be seen in large baseline
oscillation experiments where neutrinos have to travel through a large region of matter. While
the scattering bounds on NSI-CC are rather stringent, these bounds are quite weaker for NSI-NC
[189, 190]. Therefore, we consider the neutral-current interactions driven by NSI relevant to neu-
trino propagation in matter. The Lagrangian for neutral current NSI neutrino interactions can be
written as

LNSI = −2
√
2GF

∑
f,P,α,β

ϵf,Pα,β (ν̄αγ
µPLνβ)(f̄γµPf), (3.25)

where α and β are flavour indices, PL & PR are the projection operators and f is the charged
fermion. Here, ϵf,Pα,β ∼ O(Gx/GF ) represents the strength of the new interaction with respect to
the SM interaction quantified by GF . If the flavour of neutrinos participating in the interaction is
considered to be independent of the charged fermion type, one can write

ϵf,Pαβ ≡ ϵηαβ ξ
f,P , (3.26)

where matrix elements ϵηαβ correspond to the coupling between neutrinos and the coefficients ξf,P

represent the coupling to the charged fermions. Hence the Lagrangian becomes

LNSI =− 2
√
2GF

∑
f,P,α,β

ϵηα,β(ν̄αγ
µPLνβ) (3.27)

×
∑
f,P

ξf,P (f̄γµPf).
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3.4 Effects of nonstandard neutrino-matter interactions (NSI) on neutrino oscillations

The Hamiltonian for the evolution of neutrino-state, in mass eigenstate basis, including
NSI effect can be written as Hm = Hm + U−1VfU . The matter part Vf of the Hamiltonian
including the operators corresponding to the NSI effect becomes now

Vf = A

1 + ϵee(x) ϵeµ(x) ϵeτ (x)
ϵ∗eµ(x) ϵµµ(x) ϵµτ (x)

ϵ∗eτ (x) ϵ∗µτ (x) ϵττ (x)

 , (3.28)

Here, +1 in the 1 × 1 element of Vf corresponds to the standard matter interaction of neutrinos
and

ϵαβ =
∑

f=e,u,d

Nf (x)

Ne(x)
ϵfαβ, (3.29)

represents the non-standard part. Here, Nf (x) is the number density of fermion f as a function of
the distance x traveled by neutrino. According to the quark-structure of protons (p) and neutrons
(n), we can write

Nu(x) = 2Np(x) +Nn(x), Nd(x) = Np(x) + 2Nn(x). (3.30)

Therefore, from Eq. (3.29) and (3.30) we can write

ϵαβ = (2 + Yn)ϵ
u
αβ + (1 + 2Yn)ϵ

d
αβ, (3.31)

with Yn = Nn/Ne, Ne is the number density of electrons and Np = Ne.

U is again the PMNS matrix but it differs from the usual one (Eq. (3.3)) by an overall
phase matrix P = diag(eiδ, 1, 1) and represented as Uv = PUP ∗, and can also be given by

Uv =

 c12c13 s12c13e
iδ s13

−s12c23e−iδ − c12s13s23 c12c23 − s12s13s23e
iδ c13s23

s12s23e
−iδ − c12s13c23 −c12s23 − s12s13c23e

iδ c13c23

 . (3.32)

This rephasing does not affect the probability expressions in the absence of NSI. The ad-
vantage of this convention of U -matrix is that one can easily perform the CPT-transformation,
Hvac → −H∗

vac, as just by doing simple replacements, such as

∆m2
31 → −∆m2

31 +∆m2
21 → −∆m2

32,

θ12 → π/2− θ12,

δ → π − δ. (3.33)

Moreover, we are considering here the complex NSI parameters. This means that one has to deal
with extra phase factors ϕαβ which can affect the correct estimation of δ parameter. The form of
mixing matrix given in Eq. (3.32) helps to overcome this difficulty [69]. The CPT-transformation
of Hvac, in which neutrino evolution remains invariant, involves the change of the octant of θ12
(Dark octant with θ12 > 45o) and also the change in the sign of ∆m2

31. The octant selection of
mixing-angle θ12 becomes important when neutrino is traveling through a dense material medium
as the possibility of NSI increases. For example, the deficit of solar neutrinos at the detectors can
be resolved by considering the vacuum mixing angle in the light-side (0 ≤ θ12 ≤ π

4 ) with standard
neutrino-matter interactions as well as the dark-side solution (π4 ≤ θ12 ≤ π

2 ) with large enough
values of NSI parameters [191]. This specific feature is called the generalized mass ordering
degeneracy that was first noticed in [192, 193].
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To include CPT-transformation in matter-part of Hamiltonian, the replacements, along
with Eq. (3.33), are

[ϵee − ϵµµ] → −[ϵee − ϵµµ]− 2,

[ϵττ − ϵµµ] → −[ϵττ − ϵµµ],

ϵαβ → −ϵ∗αβ (α ̸= β).

The parameters ϵαβ can have complex values, however, here these are considered to be real. The
evolution operator can again be obtained using the formalism given by [127, 128] whose functional
form remains same as that given in Eq. (3.16) with Tr(Hm) = Eν + A(1 + ϵee + ϵµµ + ϵττ ) and
T = Hm − Tr(Hm)I/3.

3.5 Experimental facilities
From the verification of non zero neutrino mass to the extraction of the oscillation parameter-

values, the neutrino oscillation experimental facilities have been developed more significantly
tending to achieve higher precisions. Various experiments have tested the oscillation properties
using MeV energy solar and reactor neutrinos and the highly energetic atmospheric and accelera-
tor neutrinos of GeV order as well in this direction. Solar neutrino experiments such as Homestake
(1970), Kamiokande (late 1980s), GALLEX/GNO and SAGE (1990), the Super-Kamiokande and
SNO (late 1990s), atmospheric neutrino experiments viz. Kolar Gold Field Mine in South In-
dia and East Rand Property Gold Mine in South Africa (1965) and Super-Kamiokande (1996) are
some of the well known oscillation experimental setups using natural neutrino sources. However,
in this thesis, we have included various experimental conditions (setups) corresponding to several
man-made neutrino sources i.e., accelerator (also known as LBL - long baseline experiments) and
reactor facilities and have been discussed below:

–Accelerator experiments:

• T2K (Tokai-to-Kamioka) is an off-axis experiment [194] using a νµ– neutrino beam originat-
ing at J-PARC (Japan Proton Accelerator Complex) in Tokai with neutrino energy-range of
approximately 100 MeV to 1 GeV (maximum flux is observed at around 0.6 GeV) and the
baseline of 295 km with the Super-Kamiokande (SK) far detector situated in Gifu, Japan
(located 1 km underground in the Mozumi Mine) and started taking data in 2010. SK was
able to measure both the disappearance of muon neutrino flux as well as the electron neu-
trino appearance in the beam [195]. Properties and composition of the initial accelerator
neutrino flux is observed using the near detector located 280 m from the beam production
place. It was the first experiment which observed the appearance of electron neutrinos in
muon neutrino beam [196] and it also provided the world’s best measurement of oscillation
parameter θ23 [197]. Recently, the first significant constraint on the δCP parameter, respon-
sible for the matter-antimatter asymmetry in the neutrino sector has also been obtained by
the T2K collaboration [198].

• NOνA (NuMI Off-Axis νe Appearance), the long baseline experiment, uses neutrinos from
Fermilab’s NuMI (Neutrinos at the Main Injector) beamline optimized to observe νµ → νe
oscillations. The near and far detectors, both located at 14 mrad off the axis of the NuMI
beamline (i.e., 12 km west from the beam’s central axis) are positioned at 1 km (at Fermilab)
and 810 km (in northern Minnesota) from the source, respectively. The flavour composition
of the beam is 92.9% of νµ and 5.8% of ν̄µ and 1.3% of νe and ν̄e; the energy of the neutrino
beam varies from 1 GeV to 4 GeV (maximum flux at ≈2 GeV). The spectra for NuMI
beamline for various off-axis locations is given in [199–201]. Due to relatively higher energy
of neutrinos, NOνA has the potential to resolve the issue of mass ordering. Besides this, it
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also aims to measure the precise value of θ23 mixing angle along with its octant information,
the precise measurement of the large mass-squared difference ∆m2

32 and the δCP phase.
NOνA started taking data in 2010 while it was fully operational in the year 2014.

• DUNE (Deep Underground Neutrino Experiment) is an experimental facility planned for
the future which is supposed to use NuMI neutrino beam with energy range of 1 - 10 GeV
from Fermilab with a near detector placed in Fermilab itself and a far detector at the Sanford
Underground Research Facility having a long baseline of 1300 km. It enables theL/E-value
of about 103 km/GeV, to reach good sensitivity for CP measurement and determination of
mass ordering [72]. DUNE is expected to be fully operational in the year 2027.

The matter density in all these experiments is approximately 2.8gm/cc, which corresponds to the
density parameter A ≈ 1.01× 10−13eV .

–Reactor experiments:

• Reactor Experiment for Neutrino Oscillation (RENO) is a short baseline reactor neutrino os-
cillation experiment in South Korea. RENO has two identical detectors, placed at distances
of 294 m and 1383 m (∼1.4 km), that observe electron antineutrinos produced by six reac-
tors at the Hanbit Nuclear Power Plant in Korea with energy range of few MeV. In the year
2012, the RENO collaboration announced a 4.9σ observation of nonzero value of θ13 [202]
which was updated in 2013 [203] on the 6.3σ level to be

sin2(2θ13) = 0.100± 0.010(stat.)± 0.015(syst.)

• Daya-Bay Reactor Neutrino Experiment is situated at Daya Bay, approximately 52 kilo-
meters northeast of Hong Kong, China designed to measure the mixing angle θ13 using
antineutrinos of around 1 - 10 MeV energy produced by the reactors of the Daya Bay Nu-
clear Power Plant and the Ling Ao Nuclear Power Plant. Two antineutrino detectors (AD)
are located in underground experimental halls EH1 and one in EH2 (also known as near
halls). Three ADs are positioned near the oscillation maximum in the far hall (∼2 km from
reactor pairs), EH3. The collaboration presented an analysis of their results in 2014 [204]
providing the nonzero value of θ13 parameter and later on, at Moriond 2015, presented up-
dated values of θ13 and effective mass squared difference ∆m2

ee (which is defined such that
sin2∆ee = cos2 θ12 sin

2∆31 + sin2 θ12 sin
2∆32, with ∆ee =

∆m2
ee

2E ) [205] as

sin2(2θ13) = 0.084± 0.005, |∆m2
ee| = 2.44+0.10

−0.11 × 10−3eV2

Reactor experiments can not provide significant information about the mass ordering due
to very low Earth-matter effect owing to the relatively low energy (of the order of MeV) of an-
tineutrinos produced in detectors.

3.6 Open questions
The phenomena of neutrino oscillations has been well established in various experimental

setups, which are discussed in the previous section. However, many unanswered questions are still
there associated to the neutrino oscillation parameters, such as

• Mass hierarchy problem: Owing to the existence of two different mass squared differences
(of the order 10−5 and 10−3eV 2), the complete picture of three-flavour neutrino oscillations
is described through the mixing between three flavour states (νe, νµ, ντ ) using three mass
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eigenstates (ν1, ν2,ν3). Though, the sign of the small mass squared difference ∆m2
21 is

well known from the MSW effect driven explanation of solar neutrino problem which is a
consequence of neutrino-propagation through dense material medium inside the Sun’s core.
It was explained that in case of neutrino (antineutrino) the MSW effect appears for positive
(negative) sign of ∆m2

21. The position of the third mass eigenstate is still not known. One
can notice that the sign of ∆m2

21 could be uncovered when neutrino oscillations took place
under a significant matter effect due to Sun’s interior. Same fact can be used to find out the
sign of ∆m2

31. Experiments sensitive to ∆m2
31, such as atmospheric and LBL experiments,

can experience the matter effect only due the earth’s material. Hence, several currently
running and planned experiments in neutrino sector also aim to resolve the mass hierarchy
problem, i.e., whether the mass appearing in ν3-eigenstate of neutrino is the lightest (normal
ordering) or the heaviest (inverted ordering) of the three masses.

• Leptonic charge-parity (CP ) violation: One of the Sakharov conditions to explain the
matter-antimatter asymmetry in the universe is to have CP-violation in the nature. The
evidences of CP-violation have been found in the quark sector or more generalized meson-
sector. However, the mesonic CP -violaton is quite small and is not sufficient to describe
the amount of matter-antimatter asymmetry. The CP-violation in leptonic sector, appearing
in the PMNS mixing matrix as nonzero complex phase δCP , leaves us some hope whose
exact value is yet to be determined. The T2K collaboration has reported a measurement of
δCP that favors large enhancement of the neutrino oscillation probability, excluding values
of δCP which result in a large enhancement of the observed anti-neutrino oscillation prob-
ability. However, one should still consider the complete range of δCP ∈ [0, 2π] until the
measurement of the exact value of this parameter.

• Due to very small mass of mass eigenstates and constraints on the experimental precisions,
the absolute mass of these eigenstates could not be found yet.

• The existence of sterile neutrinos is also an interesting and open question in the neutrino
sector since it can be considered as a possible dark matter candidate.

Works included in this thesis focus mainly on the problem of mass ordering and, up to
certain extent, on the leptonic CP -violation.
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